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ABSTRACT 
A number of experiments are described which test the intaractions 
of particles with rf accelerating voltages in an FFAG accelerator. The 
experiments confirm predictions of a theory of Symon and Sessler and 
demonstrate the feasibility of "atackmg" successively accelerated 
groups of particles with a d~nsity close to that of a single group. 
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I. INTRODUCTION 
The use of intersecting beams as a means of producing very high 
center-of-mass energies has been re-proposed recentlyl. This proposal 
2is based on the FFAG type of accelerator which makes the required in-
tensities ~ppear feasible. The central point in such a scheme is the 
possibility of stacking a large number of pulses of rf accelerated parti-
cles into a small energy and radius interval so that the continuous inter-
section of two such circulating beams will produce a reasonable inter-
action rate. Beam stacking has been experimentally demonstrated by 
JCrawfora ana Stubbins , who have stored up to seven pulses in the 
Berkeley 184 in. cyclotron. Symon and Sessler have developed a theory 
for rf Qccelera~ion4 which predicts particle behavior in such a stacking 
process and gives the maximum number of pulses that can be stacked in a 
given ar;ergy interval. With their results the particle densities that 
appear attainable are sufficien~ for practical colliding be~~ experiments. 
The FFAG C!lectror: mooel accel.erator describec in a previous paper) 
has been used to study beam stacking and in particular to check some of 
the predictions of the rf theory. ':ne present raper describes these 
investigation~ and their results. The rf theory and its application to 
beam stacking arc r-evi ewec in Sec. II. Se c , III covers the experimental 
t.echn.ique s and measurements. Sec. rv presents ~wo experiments on ordinary 
rf acceleration ana compar-es the resul :'.5 wi tb expec t ed va Lues , Sec. V 
describes tt~ experlinents on beam stacking. These ir:clude quantitative 
measurements of the behavior of non-synchronous particles ana a demons-
tration of the mechanism of beam stacking. The resu::"ts are compar-ed with 
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theoretical predictions. Conclusions are sumnarized in Sec. VI. 
n. THEORY 
The theory of radio frequency acceleration in synchrotrons using 
6pulsed €,'Uicie fields is well established and carries over to accelerators 
2 
using fixeu buiue fielus without major modification. However in the past 
these theories have not been concerned with particles out of synchronism 
4
with the accelerating rf. l'Jore recenLly Symon and Sessler have treated 
the general rf problem by introducing canonical variables which may be 
used to construct a Hamiltonian, allowing the application of Liouville's 
theorem and other principles of classical dJnamics. They are thus able 
to follow particles both in and out of synchronism with the accelerating 
rf and consequently to study the process of stacking. In this section 
some of the basic relationships for rf acceleration in FFAn accelerators 
are reviewed and certain results of the S~1mon-Sessler treatment are re-
stated without proof. 
In scaling FF'AG accelerators, the field indexh.. is cor.s tant. every-
where and is defined as 
( 2.1) 
The relative rate of change of frequency with energy is 
':2. 2-E clio (-k+l ) E. - E 
---- 
') (;:;.2) ~ c1£ 
where £ is the total energy of the particle. F 0 is the rest energy. 
and f is the particle revolution frequency. In the S;}'"1ncn-Sessler
o 
formulation canonical variables from which a Hamiltonian are derivable 
are Wand 4> ' where 
\vJ -1£ dC 
- I - j, (E)£. 0 
/" 
and 1> is the phase of the rf voltage as the particle crosses the accele-
rating gap7. These definitions hdve been specializea from reference 4 
to the case where the appliec rf field of frequency f is localized in 
azimuth and where } is equal to :£, for synchrcnous particles. 
For a sufficient applied rf voltage " • there exists a boundary in 
V/-pspace within which particles execute stable phase oscillations and 
are accelerateo. This region is referred to as a bucket. Fig. 1 
indicates such a region in W-1 space together with some ty!-ical particle 
trajectories through this space. The equilibriwm phase ~ngle ~s of 
particles is related to th~ rf voltage by 
v,/v =~rA-r 
where V is the voltage gain per turn of a synchronous particle, obtaineds 
from the identity 
-
-
The energy width of ~ bucket is 8 
8 fV (2.6)JiAE13 = JCO bWB =- . rJ.S./olE 1J (r) 
where ~(r) is plotted in Fig. 2 and is given by 
1J (r-):: ( l r!") 0.8 
In Eq. (2.6) as well as in (2~8)g (2010}c ~ncl (2011)~ is as~umed con~ 
stant over the width of a bucket 9 This is a vory go~i ~pproximation in 
most cases of interest. In \J~ sp~c~ the area of the bucket can be 
re-expressed as a rectangle of area '2 1\ <AW~v ~ The corresponding 
.. 9 
averago evergy spreaa ~s 
(Z.B) 
where ct(r) is plottea inng. 2 and is given by 
a(r):: ( l-r)1,7 
It follows "that 
In general there is a transition energy in FFAG accelerators where d£/ti£ 
2is zero , however, in the experiments discussed below this ener~' is not 
reached, so that d£4.[ and JJ/J.:t; are always positive. 
Consicier particles circulating in an FFAG accelerator with a comu~n 
frequency f and a uniform distribution in ~ If an oscillator is 
o 
modulated from .f«So to J» ~ , then these particles will not be 
captured by the rf0 but will experience an average energy decrease of 
J It. r\ Th.\.s proce•• is referrod to as !f phalSe space displacement.
,LU:/A"I-
~ Li ill' t.h r... "'v, .., mec.... ---' sm can be seenand 1s ~ con5~quonce o~ oUY • s 90r~po .•u~ - l~U 
if' one consxders th~ bydroatatic 9.llouog;r to ph:is\'} apace of an incompress-
ible fluid in a cylindrical vessel~ If an ~u~losed container or buc~t 
carries fluid up .fx'om the bott.om of th~ 1I'~SI,Sf):-,o i'flolacules of fluid not 
within tho buckot ~ill on th~ a~~rag~ ~ displ~~~ct d~1~rd. as the bucket 
is pulled up past them" The average displac~m~nt is equal to the volume 
of the bucket dividf4 by thscros~ sectional al"@~ of the cylind&r.) 
Each particle actually experiences an energy displacement ~ E which 
depends on its initial location in qb-spac~ so the above group of parti-
cles will display a distribution of displQcements ~ E. Symon has eval-
10 
uated such distributioos (following from the integral of Eq. (84) or 
reference 4) a typical exan;ple of which 15 shown in Fig• .3. 'The maxi.mum 
energy di.splacMlent ~EM has been found as a function of r It ise 
given by 
(2.11) 
where ~(r)iS plotted in FigD 2 and is giv~n by 
1. 3 3(r ) rv ( l-r ) ~
 
The major effects contributing to these energy displacements occur wh@n 
J is close to J e 
o 
The process of beam stacking is simply a s~quenc~ of phase displaca-
ments~ Consider the following example. taking for simplicity all pertinent 
6 
paraaeters as nearly constant and all proo4)sses as adiabatic (e.g.. r 
alJDoat zero), SO that. <b[~y .:::: ~EM" An::£ olilli:illil.tor brings up 
~ particllJlil Md d8POsits tb~m ar-ound an ~'['fPf £ i & corresponding to 
the turn-off' fnqucncy J of the osclllatolfQ The3() ~rt1cles will fill 
6 
the region EI ±i<.6E )AW uniformly.. They Yr.fill be phase displ~ced 
downward an amount <~£ ),4\1 by the second rf puls8* anothlJr </:).£~ .. 
by the third~ etc. so. that aftor m: subsequent rf cycles (m + J) <t 
particles will be distributed between £1 t i(.6£~., and E, - (m +f )<A£"~v 
• with a density equal to that in the accelerating buckete. If 
the acceleration and tum~off processes are not adiabatic, particle. will 
spread outside the above region. The extreme boundaries of the stack 
will be very n.arly E, +- i ~[""and E, - [m.+ f)LlE.." so the particle 
density averaged OVer the region will be 2J (r) times that in the bueketa. 
AetwUly for large m. most of the particles will li. between £1 I and 
E - m /6£), with a density close to that of the accelerating bucket.s. I '\' ~'fl 
The exact energy distribution of particll!lB in & st.acked beam may be 
found by DUI!.erical integration of th~ equat.Lone of motion. Such a proce-
dure is practical usint digital computers and is being carried out on 
the MORA IBM 704 h1gh-spe~d digital computor. 
The energy and revolution frequency of the electrons in the FFAG 
ROdel accelerator' are presented in Fig. 4 as a function or the machine 
radius. In the originaJ. design of the accelerator, betatron acceleration 
vaa used and no prov1eion had been made for applying the radio frequency 
acceleration needed for these experiments. To simplify this rf problem 
7 
three stages of acceleration are empl~J8d. First. the electrons are 
betatron accelerated from injection to an intermeldiate energy, where 
they are allowed to "coast D ; second, rf expariments are performed by 
applying one or a series of frequency modul.at.ed rf puf.ses to the coasting 
beam; third. any remaining electrons are acc~lerated to the target with 
a second betatron pulse. By the use of such a procedure the rf fre-
quency sweep can be reauced to a few Me :range. which is easily obtained. 
This section discusses the betatron pulses. the rf acceleration system, 
and the methods used for the experimental measurements. 
A.. Betatron Acceleration 
The accelerating gap voltage which is obtained with the two pulse. 
of the betatron core is indicated in Fig. 5a and Fig. 5b, the latter 
showing the portions of the waveform actually used for acceleration; in-
jection is indicated in Fig. 5b by a spike near the peak of the first 
pulse. Electrons are accelerated by the first betatron pulse to the coast-
ing energy, which is easily variable by changing the time of injection 
with respect to the betatron pulse. The first betatron pulse has a tail 
due to decay of eddy currents in the betatron core. which continues to 
accelerate the electrons appreciably out to about 2 milliseconds. The 
electrons are coasting only after this period, and rf experiments are 
not initiated until then. The second betatron pulse accelerates the elec-
trons the remair~er of the way to the target. The beam half life due to 
gas scattering can be found by varying the turn-on time of this second 
betatron pulse. At a beam coasting energy of JOO kv this r.alf life is 
-6of order one millisecond at 1 x 10 I'JI1 Hg • so only a few mi.1l1second 
s 
interval is available for any rf experiments to be performed between 
tbe betatron pulses. 
B. Radio Frequency Acceleration 
A series of frequency modulated rf pulses is required to perfo~ 
beam stacking experiments on the electrons coasting after the first 
betatron pulse, a rapid repetition rat~ is necessary becaus~ of the short 
beam lifetime. The following section ciescribes the methods used to 
obtain these pulses. 
1. General Descrip~ion 
Fig. 6 is a photograph of the electrQn model with one magnet re-
moved, showing the aluminum vacuum tank and an insulated gap. It is 
evident that the construction le~ves little spac~ for an rf cavity. 
Another method of applying rf to the particles would be the use of drift 
tubes inside the tank, these, however, would have a large capacity to 
the tank walls as well as decreasing the v~rtical aperture available for 
the beam. A third alternative, and the on, used, is to apply rf directly 
across one of the gaps between halves of the vacuum tank without the use 
of an enclosing cavity•. Fig. 7 is a sche~tic drawing of the rf oscilla-
tor and vacuum tank. A fraction of the voltage developed acro~a the 
resonant circuit of the oscillator is appl~ed to the gap through a 
small ooupling capacitor. Th~ inductive loop made by the vacuum tank has 
a reactance large compared to the highly capacitive gap. Frequency 
modulation 1s obtained by voltage polarization of ferroelectric capacitors 
looated in the resonant circuit of the oscillator, a system employed 
successfully on the University of Michigan synchrotron. The required 
.9 
frvquencl Iweep is available at a repetition rate high enough to get a 
consiaerable n~er of pulses into the few milliseconds available. Fig. 8 
,how. 80m8 deiected rf pulses and their beat signals with a constant fre-
q~ency oscillator. Fig. 9 shows an rf pulse and the two betatron pulses, 
along 'With phoiauultiplier pulses from the beam. In Fig. 9b the turn-on 
froquency of the rf pulse is that of the coasting beam, so that some 
electrons are captured and .accelerated to the target. The electrons not 
captured by the rf are subsequently accelerated by the second betatron 
pulse. In Fig. 9c, the rf voltage is increased, and a larger fraction of 
the coasting beam is captured. In Fig. 9d. the rf turn-on frequency is 
tuned pelow the coasting frequency and only a few electrons are acceler-
.ted by the rf. 
2, Circuita 
A diagram of the frequency-motiulated rf oscillator with ferro-
electric capacitors is sho~~ in Fig. 10. It is a Colpitts type oscillator, 
~ olass C with grounded grid. The fraction of output voltage fed back to 
the griri is determined by ~he tube plate-cathode capacitance and a vari-
able grid-cathode capacitance. The ferroelectric capacitors used in the 
experiments are saJllP~es fran Sprague Electric Co, , of nominal value 
lO~jf. which have a capacitance decrease of about a fact9r of 5 as the 
polarizing voltage is increased to 4 kv. A 10 Me range of frequency 
modulation is obtained with these capacitors in the 35 to 75 Mc region; 
tnt. is more t~ adequate for the experiments. loo~fsamples of 
K6000 ~terial from Centralab give a factor of 10 capacity change, and 
a eo Mo raDie can be obtained with them. One limitation of this type 
of Iy.tem i8 the low Q of the ferroelectric capacitors and the low 
cirouit reactance. Typical Q's are about 20 to 50. with the higher valu•• 
at higher polarizing voltage. 
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A block diagr~ of the control circuits for the oscillator is shown 
in Fig. 11. The circuita are designed to produce the rapid sequence of 
rt pulses indicated in Fig. 8. An input pulse, delayed from injection 
t~, &enerates a series of trigger pulses for a few milliseconds; each 
of these triggers fires the 5CZZ hydrogen thyratron. The 5C22 circuit 
is shown in Fig. lza. The ferroelectric capacitors, connected in 
parallel for the polariZing voltage, are at the supply voltage until the 
SC22 f1r~s. The circuit then starts to ring, with period and damping 
<ieterlllined by the RLC circuit parameters. L is chosen to make the 
oscUlation rapid (a few lIlicrosecond period) and R to :make the damping 
.hort of critical, so a negative voltage appears across the thyratron 
after one half an oscillation and turns it off. The voltage on the tube 
~t be negative for at least l~ec, the deionization time of ~he hydrogen 
thyratron. The ferroolectric capacitors are then recharged to the supply 
voltage through a resistor. The rate of change of voltage and hence the 
rate of frequency modulation can be varied by changing the charging re-
eistor or the supply voltage. A bias voltage \I~ is available to 
m1nimize the time spent recharging to the volt~ge corresponding to the 
turn-on frequency of the oscillator. A sketch of the voltage applied to 
the ferroelectric capacitors appears in Fig. 12b. To make sure that the 
turn-on frequency of the oso~ator is reproducible. the start of the 
sate pulse going to the 829B screen is determined by a discriminator, 
wbiQh tiroe when the capacitor voltage reaches a set value. 
C. Measure..nt.s 
~ of the quantit1•• which need to be determined for the foll~ng 
experiments are the rf gapvolta~ V • rf frequency f ' its derivative 
I 
1.1 
~th respect to time c:LfAt , and the change of electron revolutiQ~ 
fnquency per unit change i~ electron energy d..fo!eLf • Th~ rf 
voltage 1~ ~aiured on the outiide odie of the gap with a calibrated diode 
detector and is presented on a d~l trace oscilloscope, together with 
the boat signal of the rf against a constant frequency oscillator, as in 
Fig. 8. By using the null of the beat signal, J and eLf/ cL t 
an easily founei. Fig. 1; shows a frequency!!. ti.lne curve for an rf 
pulse, Over the range covered the curve is accurately represented as 
f ::; t, (I - e- A. t: ) , where both i, and A. are easily varied, 
aa mentioned e~lier. Successive rf pulses repeat their PM cyc1e3 to 
within a few kC; the voltage also repeats· quite acourately. The turn-on 
tiD' of t.he rf pulaea is one or two )Lsec. which is short comparea to a 
typ1cal phase oscillation period of )0 ~ec; the turn-off time is 
slightly longer, of the order of 5 ;usec. 
The quantity cLio/eLE is measured directly with the use of the 
second betatron pulse as follows. A L.1 fo between two different coasting 
energies is easily obtained by observing the two rf capture frequencies. 
The AE between these coasting energies can be found in the situation 
of Fig. 5 by noting the difference in the time that the electrons reach 
the tariet during the second betatron pulse. This aifference in t~t 
~tiplied by ~he botatron voltage and electron revolution frequency 
(both of which are virtually constant over the time increment) equal8 the 
energy <iifforence between the two cO&at1ng be&Dl8 ~,: t deterll11n1,nc 
The secona betatron pulse can be used in the same fashion• 
to aAaly,. the effects of ~ 1'1' operations on the energy of the C08.eting 
.lectrons~ It is fortunate for these experiments that the beam pattern 
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auring the second betQtron pulse reproduces quite accurately on suc~,s· 
livo cycle, (at & )0 cps rate),indicati~ ~hat the energy of the coast-
i08 be. and. o1.her machine paraJQl!ttert:l uso reproduce accurately. Moat 
of the power supplies Qre unregulated, however. and there are some slow 
variations in parameters. 
The electron energy E can be calculated using Eq. (2.2) o1lnd the 
~alured, quantities f, d fo / c1 E and -h e tbe field index. It3 
can alsQ be calculated frolll field and radius measureJll8nts, as tor Fig. 4. 
The latter detenninatlon of £ is not as accurate as the former because 
Of finite amplitudes of betatron oscillations and perturba~ions of the 
equilibri~ orbit, effects important in FFAG accelerators because of the 
large field gradient and consequent rapid change of energy with radiu$. 
The two methods give results consistent within estimated errors. 
IV. RF ACCELB&\TION EXP.&:RlMENTS 
Two experiments on ordinar,y rf acceleration are performed in the 
litua.tion indicated by Fig. 9. The first is the experimental determina-
tion of the rf voltage necessar,y for beam capture, which should check 
with a value calculated from other experimentally measured parameters. 
This is essen~ially a test of exper~ental consistency. The second 1. 
• 
finding the maximum energy spread of p~rt1cles acoelerated by a frequenQy 
ilOdulate<1 rt system, a result which can be compared d1rec~ly with theo-
retical predictions • 
• , ~VoJ.~. ~or rf C&pt~. 
The synohronou.s 'Yoltage \Is (the average voltage g,dned per turn by 
captu;oe<i electrom» is the threshold rf voltage for any beam capture. 
1) 
This eynchronoua voltage is given by the identity (2•.5), The quantities 
on the right are found by. the methods of Sec. lIlc, is found.v; 
directly by determining the minimum rf voltage which accelerates a~ 
electron:;> from the coastang beam; this threshola i3 qui te sharp aId 
easily oOserveci. The uncertainties in the measured quantities ar~ 
estimatea to be about 10~, except for jr , which can be read to a few ke. 
The measurements and results are presented in Table I. The agreement is 
well inside ~he experimental errors. 
TABLE I. Determination of rf threshold voltage. Associated ~chine 
parameters are: ok ;; J .51 ; electron coasting energy, 300 ItT; energy 
at tar~et, 365 kv; target radius, 50.3 cm in a straight sectionj 
revolution frequency at target, 73., Me. 
ne ; j 
Measurements Calculated Measured threshold 
synchronous voltageV volts "VoltageV volts 
s s 
72.2 MeSo 
eLi-leLt 16.1 -kc~sec 8.4 8.8 
etfo/J..f. 26.6 1.lc;/~sec 
~._ Energy %Jread 1n a Jokwi.l1&" rt Bucket 
An experiu~ntal measurement of the range of energies contained in 
a moving rf b~cket can be made by observing the range of rf turn-on 
frequency over which any of the coasting beam can be captured and 
aCQelerateo.. FrOlJ1 this AJ Jor captur-ang al\Y beam, and a measurement 
of d.. f o / d.. £ , previously aiscussed, a 6 E is obtained. ·Ihis 
6. E includes both the energy width of the capturing rf bucket and 
the energy wiath of the coasting beam. The rf voltage is turned on 
rapidly "lative to the phase oscillation period, so that the bucket can 
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be assumed to appear at full size at the rf turn-on time. The maximum 
spread of energy of particles in a moving rf bucket can be calculated fraa 
.~. (2.6). The experimental and calculated energy spreads for differen~! 
applied rf voltages are plotted against each other in'Fig. 14. In the pre-
vious experiment, Sec. IVa, the measured and calculated threshold voltages 
agreed well. so ~he zero kv point on the plot can be assumed to correspond 
accurately to zero bucket size. Consequently. the energy spread in the 
coasting beam is the intercept on the ~E axis, which is probably lass 
meas 
than 1 kv , The agreement between the calculated and measured energy ranges 
contained in the buckets is within experimental error. the calculated values 
being about l5~ higher than the measured. 
V. EXPERIMENTS ON BEAM STACKING 
The experiments of this section are designed to study the possibility 
of stacking beams in FFAG accelerators. The central question relating to the 
number of groups of particles which can be accelerated and stacked is the 
effect of subsequent rf sweeps on previously deposited beam. The theory di5-
cussdd in Sec. II gives a very definite prediction: as an rf bucket sweeps up 
through a previously deposited coasting beam the averag~ energy of this coast-
ing beam is lowe~ed by just the averabe energy spread of the bucket. As a 
consequence. if fUll buckets are brought up and stacked, the particle density 
can be made almost the same as that of the incoming buckets. This predicted 
phenomenon of phase displacement is quantitatively tested in Sec. Va. In 
Sec. Vb Lhere is a qualitative demonstration of beam stacking. where the 
coasting beam is transferred to a higher energy with a series of rf sweeps. 
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A. Experimental Tests of Phase Displacement 
Two methods are used to observe the effect of a frequency modulated 
.1' pulse on the energy of the coasting beam. The first method uses a 
betatron pulse and the second uses rf pulses to determine any energy shifts 
due to the applied rf. The average energy decrea~e of the coasting beam 
is predicted by Eq. (2.8) and the maximum energy decrease of any of the 
electrons by Eq. (2.11). 
1. Second Betatron Pulse Detection 
One or more rf sweeps are made to operate on the beam coasting be-
tween the two betatron pulses, as in Fig. 9. and any energy shift is 
measured with the aid of' the second betatron pulse. This test is pictured 
in Fig. 15. where two identical rf pulses are used, each long enough to 
accelerate any captured electrons to just short of the target energy. 
Fig. 15a shows the second betatron pulse or. an expanded scale. In Fig. 15b 
the rf pulses are turned on with starting frequency above that of the coast-
ing electrons, and do not affect the beam appreciably; it appears at the 
same time as without the rf pulses. The time spread of the photomultiplier 
pulse could be due to either an energy spread of about 15 kv or a spread 
in radial betatron oscillation amplitudes of about 4 Mm. Since the energy 
spread has been. shown in Sec. IVb to be less than one kv, the observed 
width must be due to the different oscillation amplitudes present. In 
Fig. 15c the starting frequency of the rf pulses is adjusted down to the 
coasting electron frequency so that a large fraction of the beam is cap-
tured and accelerated to a higher energy; this beam appears cur-Ing the 
second betatron pulse together with the uncaptured beam. In Fig. 15d 
the r! starting frequency is moved below that of the coasting electrons, 
so that the rt pulses frequency modulate through the coasting beam fre-
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quency-. The rf captures only a trace of beam. The uncaptured coasting 
beam. accelerated to the target by the second betatron pulse, hits the 
target later than it does with no rf present, so there has been a measur-
able decrease in energy of the coasting beas by the upward passage of the 
rf buckets t.hrough the coasting beam frequency. The maximum energy- losa 
of the electrons, measured by observing the time shift in the right hand 
edge of the pulse. is larger than the average loss. 
Quantitative measurements of the time shifts of the beaa are made 
directly from the oscilloscope. and are estiJDated to be accurate to about 
l~. Experiments with different numbers of rf buckets indicate that the 
a.erage and peak displacements are proportional to the nUllber of buckets, 
although the pulse pattern changes shape considerably with additional 
sweeps. Resultant energy displacements for a set of runs made with two 
rt sweeps are presented in Table II. along with the theoretically cal-
culated displacements, from Eqs. (2.8) and (2.11). The measured and 
TABLE II. Phase displacement with two rf pulses. using betatron detection. 
Ixperimental conditions are as in Table. I. 
at peak volts Energy l05s per rf sweep 
Y.ax1JIum Average Ratiov r l1.Er1~" ~E>..../w 1/9(r) 
Measured 7.6 6.2 1.23 
~culat.ed 9.9 7.4 1.35 
28 .30 Measured 5.7 3.8 1.50 
Calculated 7.8 4.9 1.59 
calculated displacements appear to be in rough quantitative agreement, the 
calculated values being consistently about 3~ higher than t.he measured. The 
ratios between the max1aua and aYerage displacements are 1n good agreeaent 
vith the theory, as well aa the variation of the displacements with rf 
.oltace. The systematic 30~ ditterence is within experimental error. 
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2. Rf Pulse Detection 
A second method of detecting energy shifts is to use the rf pulses 
rather than the second betatron pulse. This method' is presented in 
Fig. 16 where two identical rf pulses are used. The rf sweeps are long 
enough to accelerate any captured electrons to the target. The beat 
frequency patterns of the rf pulses with the constant frequency oscillator 
are presented together with the photomultiplier beam pulses. In Fig. 16a 
the starting frequency of the rf is well above the electron coasting 
frequency and no beam is accelerated. In Fig. l6b the starting frequency 
is moved down to be slightly above the coasting frequency; some beam is 
picked up by the second rf pulse, as expected because of disturbances 
caused by the first pulse. At a slightly lower frequency, Fig. 16c, the 
first pulse picks up the beam. At a still lower turn-on frequency, in 
Fig. 16d e the beam is captured mostly by the second pulse, rather than 
the first, indicating the first pulse has displaced the coasting beam 
downward in energy to where it could be captured by the second pulse. 
The turn-on frequency shift from capturing by the first pulse to capturing 
by the second is quite considerable, far more than any possible turn-on 
frequency differences between the two rf pulses, or changes in frequency 
of the coasting beam from other c~uses. From this measurement of A f , 
and measurement of d.~ lei E, a b.E is obtained. This b.E, from tuning 
tor maximum picked-up beam, can be anywhere from the average displacement 
to the maximum displacement. As in the previous experiment, ~ E is 
proportional to the number of rf sweeps displacing the beam. The 
measured frequency shifts are estimated t.o be accurate to about ios, Re-
sults with three rf pulses, two displacing and one detecting, are presented 
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in Table III, together with theoretically calculated values. The measured 
TABLE III. Phase displacement by two rf pulses. using rf pulse detection. 
Conditions are as in Table It except that df/J,t is 1.3 kC/)'sec instead 
Of 16 kc/ /'-' sec. , 
R.f' peak volts Energy loss per rf sweep 
MaxiJnum Averagev r l'1[M A.v t6E Av ~EhvAv 
.155 l-';easured 8.0 
Calculated 9.9 7.9 
28 .245 Measured 6.2 
Calculated 7.8 5.4 
displacements are consistent both with the calculated values and the 
measured values of the previous experiment. This consistency is evidence 
that most of the energy displacement process occurs when}- is close to f • 
o 
since the rf in this experiment is turned on only slightly below fo . 
B. Demonstration of Beam Stacking 
The mechanism of beam stacking can be shown by transferring the coast-
~ng beam to a higher energy with a series of identical rf pulses. This 
~ituation is presented in Fig. 17, a photograph taken during the period of 
the second betatron pulse; it is similar to Fig. 15. The rf voltage is low, 
to keep the buckets small, and the turn on frequency is detuned to prevent 
~he beam from being entirely captured on the first rf pulse. In Fig. 17a 
~here are no rf pulses present; Fig. 17b has one, Fig. l7c two, Fig. 17ci 
'tohree, and Fig. 17e, four. The coasting beam is transferred to the higher 
,nergy by the successive rf pulses, the later pulses displacing the pre-
~iously deposited beam downward in energy, as expected from the theory and 
the experiments of Sec. Va. There is very little increase in energy at the 
top of the stack, as predicted by the theory. If the low energy coasting 
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beaM were replenished after each rf.pulse, the situation corresponding to 
rt acceleration from injection, the transferred pul$ein Fig. 178 could 
be expected to be almost four times as large as indioated. Fig. 18 is 
$~lar to Fig. 17, except that the rf is at maximum voltage and more 
pulses are used. Fig. lBa has no rf pul.see , Fig. 18b one, Fig. 18c four, 
Fig. led seven. and Fig. 18e ten. Most of the beam is picked up by the 
first pulse, and practically all by four pulses. As:in the previous case, 
the stacked be~ is phase displaced downward by the successive rf pulses 
with an increasing spread in energy. ~ter seven pul,es the maximum displaced 
beam has been moved down to the original starting energy; it is subsequently 
captured ana transferred up ag~in, as indicated in Fig. l&t. 
VI. CONCLUSIONS 
The quantitative measurements of energy spread in an rf bucket and 
energy displacement of stacked particles by a frequency modulated rf pulse 
are in satisfactory agreement with the theory. A qualitative demonstration 
of the stacking process shows a general particle behavior which also agrees 
with theoretical predictions. Thus the effects of rf voltage on particle 
energy seem to be reasonably well understood and as far as rf acceleration 
processes are concerned, succes5ive beam pulses can be stacked with a 
particle density approaching that of the accelerating buckets. This density 
may be limited, of course, by other mechanisms not discussed here, such as 
the effect. of space charge and rf excitation of betatron oscillations. 
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FIGURE CAPTIOIS 
Fig. 1 A region of ',J.~phase space showing a phase stable region, or 
-bucket" (shad~). The bucket width, AW~ ,and average 
t ,,~dth. ([),.W~., are indicated. Curves indicate possiblet 
trajectories of particles in W- 1> space. 
Fig. 2 Tlte functions ~(r). a (r) , and B(r)plotted!!.. r · 
Fig. J Tll~ dens1tyin W-space, peW) ,Y.!.. 'vJ • of particles after a 
,base displacement by a moving bucket of The particlesr.  0.,. 
a,a<J. in1tia~ the sue W Talue. Wo• and a un1forll distribution 
~ ep. The max1mwa and average phase displacements. A W f'I\ aDd 
(AW)Av' are indicated. Th. abscissa and ordinate 8cal.s are 
¥b1trary. 
ng. 4 C~culated electron energy and 'revolution frequency as a function 
o~ ra41ua. 
F1g. 5 O~cilloseop. photograph of method of obtaining electrons coasting· 
a~ an intermediate energy. Tille scale 500 ree/cul. 
a.  Betatron waveform, lOv/cm. 
b.  Portion of waveform used for acceleration, injection time 
indicated by 8 spike near peak of first pulse. 5v/cm. 
c.  PbotoDlltipUer pulse from be81ll striking target after 
acceleration by second betatron pulse. 
F1C. 6 Phptograph of the electron model with one magnet reaoved shoving 
va,uua tank and an insulated gap. 
Fie. 7 Sc,ematic drew1ng of the method of apply1n~ rf to the vacuum tank. 
F1g. 8 Os,il1oscope photographs of rf pulses. 
a.  Pulse trom a diode detector on the rf gap. The time scale is 
50 )"sec/cm. The IIl8JdmuJIl. voltage is about 45 volts. 
b.  Beat frequency patterns of the above rf pulse with 8 signal 
generator. 
o. 4 d.•. Detector .ignal and beat trequen01 pattern trOll .. g:rwp 
of rt pul.... Th. t1me .cale hen 1. 200 ,JI-.ec/ca. 
n •. 9 Pbotograp~ of • treqUl19Y lIOdulated rt pul.e eperatilll en the 
c...t1ng beaa betwec the two betatren pulee,. n.. 8Cale i. 
soo /"ec/ca•. 
a.  Betatron aid rt pu.lee•• 
b.  PhotellUltipUer pul,e. troll be.. etr1ld.ng ta-pt. The tVll 
en rt trequcq i' tuned tor beu capture at the cout1n@ 
electnn tfe<lU-CY. The rf i. 14 volt, peak. 
c. .. in b, onq the rt 1, raised to ~ volt., capturing _zoe 
4. .b 111 c, o~ the tum on rt frequency i' below the ceutiDl 
electron frequency. 
n,. 10 J'"el\u-.nq ~ted oscillator c1rcu1.t. diagraa. 
'11. U Block d1agru ot contzool circuits tel" rapid P\1lI1n, et ~. t"ClW"'J" 
~ted o.cillatctr. 
Pl•• 12 a. Circuit for generating the high voltage polarizing pulse 
tor the t.rrotiectrio capacitors. 
b.  Veltap on the capacitor. a, a tuncUon of time. 
111. 1) He881U'8d o,cUlater trequenq .... t\mction ot ti_ tor an rt palM.
ft.,. 14 Plot ot calculated enerQ spread in a bucket versus a ....... 
"'11 spread. The latter include. beth bea and bucket. The 
par_tel" clf/cLt i. not exactly" the ... tor the difterent paint., 
but varie. troa about 14 to 17 -A.5fsec w1th changing rt ~ltap. 
The applied rt voltage went trOJll U.,5Y to lI6.1w. peak mUM. 
other par_tare are a. in Table I. 
1'11_ 15 Photograph sbow1ng phase d1ep1ac-.nt uing betatron detect1_. 
'lbe Iituation 1. nmlar to Fig. 9. with two id.entical rf lIWMpe. 
except the rt doa DOt accelerate captured electronB all the vq 
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to the tarset. it is 45 'Yolts peak and the t1JIle scale il 20 ,i" ,.,/oa. 
e.  Second betatron pulae at S'Y/ cm. 
b.  Pho'to.w.t1pller pulae of beam str1k1ng target with rt ,tartinc 
frequency aboYe the electron coastins frequ8nq-. 
c.  Rf starting frequency tuned to couting frequency. so mst 
of the beam is rf accelerated to a high energy and comes out 
early in the second betatron pulse. 
d.  R1' starting frequency below the coasting frequency. 0n1¥ 
a litUe beam is captured and the rest is displaced later 
in the second betatron pulse. 
F1S. 16 Photograph shOlf1ng phase displacement using rf pick-up detect1e. 
S1tuat10n as in Fig. 9. with two identical rf pulses. T1ae 
.oale i_ 100 /,e%ll. Beat frequency patterns between the rt 
pulses and a constant frequency rt generator are shwn along 
with the photoPlUltiplier pulses. 
a.  it starting frequency well above the coasting t'NqUenC1. 
b. Rf starting frequency just slightl3' above the coasting 
frequency. 
c.  R! starting frequency equals the coasting frequency and the 
be. i_ captured by the first pulse. 
d.  at starting frequency 1s below the coasting f'requenC1 and the 
bep is captured by the second pulse. indicating the fir.t 
pulse has caused a decrease in erwrgy of the coeeting b.... 
Fig. 17 Photograph demonstrating beam stacking. Situation is as in Fig. 15. 
Rf is 10 'Yolt.s. 
a.  50 rf pul.... 
b. One rf pulse, capt~g beam. 
c.  Two rf pulses identiqal to the one 1n b. 
~ 
d. ThrM rt pul•••• 
e.  'our rf pul.... 
rlS. 18 PboMvlfb ,how1nc ~U1 'makin, and pu,e d1spl.aeaent. SltuU. 
1••• in'le. 17, nth. t1u teal. ot 25 p ••a/CIt. Itt 1. 4S Tolt&. 
The .eccmd betat.zo.n pule- hal been d.lqed OU't to SUec to pend.t 
• lars- 1NIIb.r of rt pal••,. 
a. No rt  pul•••• 
b. On. rf pul•• , captUJ"S.q b.... 
c. FOIU" rt pu•••• identical to the one in b. 
d. SeY~ rt pull••• 
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